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A stochastic optimization procedure, Integrated Controlled Random Search, is applied to evaluate 
the moa’ei of a wastewater ireaimenr piant. Equation sequencing and design variabie seiection ai- 
gorithms are used to solve the set of equality constraints in a simple manner, offering the right choice 
of design variables. Subsequently, the sensitivity of the objective function defined in terms of the total 
construction cost is tested with respect to the design variables selected. The results permit an inter- 
pretation of the model structure and allow the shortcomings to be removed before the optimization 
stage. 
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Introduction 
Stochastic optimization techniques are becoming a 
standard procedure for optimization of chemical and 
related process models, due to their simplicity and ro- 
bustness. Various approaches have been developed in 
this direction since the first review on random search 
procedures in 1958.’ Of a!! the different algorithms nro- ~~__~~ ._ ~~~r _ 
posed, those of Luus and Jaakola? and Heuckroth et 
al.’ have been by far the most popular and have been 
further modified by their authors. 
Integrated Controlled Random Search (ICRS) is a 
general program based on the Book and Ramirez’,” 
algorithms for the preparation of the problem and the 
CRS optimization technique as developed by Goulcher 
and Casares.6 
One of the major difficulties in process optimization 
is the handling of nonlinear constraints. A number of 
approaches have been used to overcome this problem. 
Some algorithms select their search direction following 
one or more constraints, becoming too often a slow 
~~,W-PPQ that rlnc=r nnt arrive= at the nntimllm fItherc y’“‘v”u CIIUL U”“” ll”C Ulll.V u. 11.v .,y -1.1 I-1-l. V-L.--Y) 
such as those based on the use of penalty functions, 
often fail when the number of equalities becomes sig- 
nificant. ICRS incorporates two algorithms developed 
by Book and Ramirez 4s to group the variables and to 
find an order for the sequential solution of equalities 
once the design variables have been selected from the 
grouping algorithm. Although the selection of design 
variables can be done automatically or manually, the 
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latter has been adopted to allow a sensible choice of 
design variables based on their effect on the objective 
function rather than in terms of the computing time 
involved, as would result from the automatic option. 
The optimization algorithm used is the Controlled 
Random Search as developed by Goulcher and Cas- 
ares,” but modified to allow the solution of problems 
with a nonseouential set of enilalitv constraints. In its __-..--. I-------- -1-----, 
previous version, this optimization technique required 
that the set of equality constraints could be solved 
seriatim, and this could be regarded as a major dis- 
advantage in generalizing the application of the pro- 
cedure. In its present form, when a set or subset of 
the equality constraints has to be solved simulta- 
neously to produce values of the corresponding de- 
pendent variables, a Newton-Raphson procedure is 
employed and the values for these variables are at- 
tained for every iteration. The initializing vector for 
this procedure can be fixed in those cases when the 
optimum is closely bounded and the dimension of the 
problem is low, or it can be updated with the values 
nhtaind in the nr~vin~~c itm-atinn “YCUIIIWU 111 CLI” ),I_. l”YU nC”ILILaVL‘. 
The wastewater treatment plant 
This model has been developed by Mishra et a1.,7,8 
based on the work of Naito and Takamatsu.’ The ob- 
jective is to minimize the total construction cost of a 
wastewater treatment plant. The system, as shown in 
Figure 1, consists of a trickling filter, an activated sludge 
aeration vessel, and a secondary clarifier as basic units. 
The structure of the model is clearly that of a gener- 
alized one, where all the units that could be considered 
in a plant of these characteristics are included. Also, 
the recycle streams in Figure 1 express all possible 
rnnn,~t;nn~ hcatween ~,nitr The nnt;miTatinn nrnre_ ~“,III”~LL”,III “~C”“~~I. UIIIC.3. I ,L” “yLcLL”‘~ucL”” y&v’- 
420 Appl. Math. Modelling, 1989, Vol. 13, July 0 1989 Butterworth Publishers 
LZP 4nr ‘EL 70~ ‘6861 ‘~~!~Fww ww WV 
)ua!peJ8 pa3npaJ pazyeJaua8 aql pasn ,,ne[q[auruuH 
.sanb!uq~al uogezyydo Jaqlo uroJ3 
pau+?lqo asoql ql!~ aJr?dtuoD 01 I[n3’JJ!p sl[nsaJ aq$ 
apwJ [apour J!aql u! paDnpoJlu! suogdurnssr! Zu!IC3![dur!s 
sno!Jw aql ‘A ‘5x ‘ix ‘Ix ‘:D ‘$0 ‘$I sa[qe!JeA @sap se 
pvq pue sa[qe!Jw JIaq330 0~11 paxg x.L’l~ 12 eJqs!m 
SSb/(zh%Svb + ,ZxUb%) = 3Szx 
&x = ‘ix 
,,b/(,zx,bot, - zZxSyb% ,Zx,,_b% SvZxSvb) = ,Zx 
1 
z’x+X 
I 
svb 
zzxaq - - zzx=z’l 
$xzIxX SVA 
(~~x~‘=tN()/(~‘x +>i),Hzcx -&x&b = SYA 
(z’,s,b)/(,zx”aUb_,Zxo~,,b - =.ZxdLb) = zZ~ 
(I,x-IL~x),q+,lLz”= ,zx 
svb/(,‘x,bOta + -&ssXb + Z’xsvb% + ,,xILb%) = -& 
2sb/(Z’x%s,b + ,‘xUb%) =-& 
(z,,S,b)/(,‘x”~~b-,‘xol,,b -a’~ub) = z’x 
(%,,b + ‘$,,b + %,b)l= sXb 
$‘r = 1 
,b[%O’n + %(‘h - ,)] + zzn(“, - ,)svb + hZ’nsyb = z~ 
,b[%“‘n + o~(i’l) I)] - ‘hhs,,b (% - ,) (1,~ - ,) s,b =‘I 
%-=a-, =u, 
Svb, (ab ‘ED - ash) = % 
Iin- I%_ I = ICg 
Oh-,=% 
(l’n- ,)/(% SVb + 0’~ ,b) = ab 
5 0 
‘If 
OE 
‘62 
‘82 
‘LZ 
9; 
‘SZ 
‘PZ 
‘EZ 
.ZZ 
IZ 
oz 
6, 
81 
‘LI 
91 
‘51 
‘PI 
‘CI 
‘21 
‘II 
‘01 
‘6 
‘8 
‘L 
‘9 
.S 
.P 
‘E 
‘Z 
‘1 
*u~a[qoJd 
[epourg[nru c alsJaua8 ilay) aJo3aJaql pw uogDun3 
aylDa[qo aql aDuanuu! k[pJcq sa[qe!JEA asaql asnwaq 
‘UIa[qOJd %I!l[nSaJ aql30 uO!l!ugap pVq B 01 anp ‘a]e!Jd 
-oJdde iou s! ll[snoauel[nw!s L1;x pur! iI;x JO uogDa[as 
aql ‘zaJ!urex pue 1008 30 auraqDs aql~o[[o3 01 swaas 
a3!oqD s!ql qFhoqi[v .2Sh put2 ‘_$ ‘(x ‘92x ‘,;x ‘p 
‘p ‘;x) ‘;,x sa[qeuEA @sap se asoq:, , ,snnl pur! %ue~ 
AX ‘ix) ‘!n ‘Ix ‘ ‘ SV b ‘2sb ‘;n ‘:D ‘ix 
s! sa[qegA @sap 30 ias alenbapt? uv 
‘uoy!u!3ap /cq [ElzJaju! (1‘0) aql 01 pai3!JisaJ aJB /Caql 
asnesaq Sa[C/E!JEA u8fsap SE a[qEJ!sap ~[JE[n3!1JL’d aJr! 
$I sJa)auIeJed [eJrwnJis aqJ ‘pal3a[as aJe f d/qvJ u! 
UMOqS JapJO aql U! SlU!l?JlSUO3 &[enba aql 30 uo!ln[ 
-OS [yluanbas aqi JO3 MO[[li? leql Sa[qE!JL’A u8!sap ay 
aql ‘aJnpa3OJd S!ql UJOJd .[ SnU!LU IUaSaJd SE Sa[qC!Jt?A 
/Cueu~ SE palgalas aq lsnur aJaqi dnOJ8qnS q3va uro~g 
‘SlU!F?J]SUOD al# JO3 (I JjqQJ) UO!ln[OS 30 JapJO 
aql SaA$ SLUq)!JO8[?2 8U!dnOJ8 a[q??!Jt?A PUF? %I!JapJO 
uogenba aql 30 uogwqddr! aql ‘pall?JauaZ s! x!~pw 
aXlap!XI! aq] aXI ,.;SLUL#JO+? ZaJ!UlR~ PIE 7008 
aql30 swats /cq pai3npuoD sBM sa[qyJtzA uZ!sap au!u 
aq! lDa[as 01 slu!e~lsuo3 i(lyznba aql JO S~S~[I?XI~ aqL 
s)[nsa~ uogezyu!gdo PUB 
S~I!ISJSUO~ Lyqmba JO s!sL~suv 
.iuawieaJl a[oqM aqi Jal3e JalrzM 
aql30 i(l![vnb aqi saqs![qelsa 0~ uogcnbg ‘61 put? ‘~1 
‘91 ‘p[ ‘z[-()[ ‘s-1 suogwba 01 puodsaJJo3 slu!od %I! 
-xftu punoJt2 sazwz[cq sswu aqL h’~i!t?~ 30 [apour MOM 
-Zn[d aq$ uo past?q aJB (82 pue ‘g-EZ ‘ [z ‘81) suoyvnba 
Jag!J”[” aqL ‘@hl’pJO33E pa!3!pOLU ‘POUON 30 lEq1 S! 
wyueq3aur uo!w?aJ aqL .[apow aLs3 aql Bu!~o[[o3 E 1 
pur! g[ aJe suoyvnba [assah uoy?Jae aqJ ‘LZ pue ‘9~ 
‘2~ aJB Jail!3 ~!u![~D!JI aql 01 palt?[aJ suogenba aqL 
wnoDX? oiu! uaye] IOU aJe slso:, uoyzJad() 
.sasuadxa %?u!Jaau$ua SE ohop sn[d si!un aaJql aql 30 
slso~ uoynJisuo3 aqi spauaJ uoy3un3 aAg3afqo aqJ 
.sa[qyJtzA @sap aJe sa[qv!Jw aqi 30 6 ‘aJo3aJaqi fsag 
-![enbau! 6 pue ‘s~u!e~~suoa /Ciqvnba [E pur! ‘pag!Dads 
-aJd aJC qD!qM JO f[ ‘Sa[q”‘JI?A ‘& SEq l[ ‘(Z Wd!d) 
,,snnJ put? ~LICM pur! ornT?[q[amLu~H /cq pasodold asoql 
aJc suogcnba [aporu aqJ ynz[d [en]De aqi u! aq p[noqs 
sweaJis a@aJ put! si!un q3!qM au!urJaiap [[!A aJnp 
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Table 1. Order of solution of equalities and variable grouping 
according to the algorithms of Book and Ramirez 
Order of solution of equations 
20 18 25 4 26 11 1 10 5 3 
2 7 6 8 9 12 22 27 29 13 
14 19 21 23 24 31 15 30 16 17 
The number of subgroups resulting is 5: 
Subgroup Associated equation Variables 
1 20 x8.x3 
2 4 &&9SC,9AS,9TF 
3 11 x:.x1 
4 1 cr%&a: 
5 13 x:r.x: 
-e- RUNA 
-+- RIJNB 
-+- RUNC 
1 
Table 2. Values of total annual cost of wastewater treatment 
plant for different optimization techniques 
Figure 3. Total construction cost of the plant 
Algorithm C,,“irWn (US$) 
Generalized reduced gradient” 243,841 
Simplex pattern search’ 215,095 
Modified random search” 166,490 
Integrated controlled random searchI 156,636 
method to optimize this model. He did not define any 
design variable, but used a lengthy and cumbersome 
preparation of the problem and found an optimum far 
from the one achieved with ICRS.‘* The values of the 
optimum obtained for this mode1 with different tech- 
niques are presented in Table 2. 
1 
Sensitivity analysis 
Figure 4. Fraction of aeration vessel outlet to go to the filter 
A detailed study was conducted to analyze the sensi- 
tivity of the objective function to the design variables. 
In Figures 3 to 12, the values of the objective function 
and the design variables are drawn versus the number 
of iterations for three differents runs (A, B, C) using 
the ICRS algorithm. From different starting points the 
same optimum is achieved in all cases (Figure 3). It 
can be observed that, for some variables, their values 
become stable with the number of iterations (Figures 
4,5). The objective function is therefore very sensitive 
to these variables (c&!, a:). For other design variables 
(Figures 6 to 12), their values oscillate even over the 
last iterations, achieving different values at the end of 
the optimization procedure. These variables are those 
responsible for the multimodality of the model. 
Conclusions 
Figure 5. Feed fraction entering the aeration vessel 
A detailed mode1 of a wastewater treatment plant has 
been studied, and the results presented. From these 
results it can be pointed out that the volume of the 
trickling filter at the optimum is almost zero. There- 
fore, the optimum design does not include such a filter. 
In fact, the values of XT’ and XT” are, for all purposes, 
equal, because this unit is, in practice, nonexistent. As 
a consequence, the problem will show a multimodal 
behavior when variables related to the filter are se- 
lected as design variables. 
The recycle of the sludge is important to a reduction 
in the construction cost of the plant and should not be 
eliminated as in some of the previous studies. 
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Figure 6. Flow rate of aeration vessel feed 
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Figure 9. Recycle ratio at the trickling filter 
Figure 7. Concentration of organic nutrients at the filter outlet 
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Figure 8. Concentration of biomass at the filter inlet Figure 11. Concentration of organic nutrients at the filter inlet 
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Figure 10. Recycle ratio at the aeration vessel 
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Figure 12. Fraction of filter outlet to go to the aeration vessel 
Nomenclature 
Aj 
A$ 
Cd 
cj 
Dj 
k 
kD 
K 
K, 
KTF 
m 
II 
P 
area of unit j, ft* 
specific surface area of trickling filter (prespec- 
ified; 25), ft2/ft3 
total BOD allowed in effluent (prespecified, 
20) ppm 
construction cost of unit j, US$ 
depth of unitj (Dsc prespecified, lo), ft 
maximum specific growth rate of biomass (pre- 
specified, 2.4), day- ’ 
specific endogenous microbial attrition rate 
(prespecified, 0.048), day I 
concentration of substrate for Y = r,,,/2 (pre- 
specified, loo), ppm 
specific constant for clarifier (prespecified, 
0.74), hh’ 
specific constant for trickling filter (prespeci- 
tied, 0.0259) 
conversion coefficient (prespecified, 0.5), ppm 
BOD/ppm sludge 
specific constant for trickling filter (prespeci- 
fied, 0.656) 
specific constant for clarifier (prespecified, 
I .97834) 
4j 
r 
TSC 
V 
X; 
Y 
ffkl 
volumetric flow rate of unit j, MGD 
sludge recycle ratio 
clarifier residence time, h 
volume of unit j, ft3 
concentration of organic nutrients at stream i, 
ppm 
concentration of biomass at stream i (xf pre- 
specified, O.O), ppm 
yield constant (prespecified, 0.5) 
fraction of output of unit 1 going to unit k 
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Erratum 
Please note the following corrections and clarifications to material presented in 
Figure 2: 
Equation 12 should read: xps = . . . 
Equation 16 should read: x9” = . . . 
Equation 28 should read: W = (qscx2c - qRSx$ - qfx$)l(qfxi - qfx$) 
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